Abstract. The aim of this note is to classify the finite groups whose irreducible characters vanish on at most three conjugacy classes in the character table.
Introduction
Let G be a finite group and uðwÞ :¼ fg A G j wðgÞ ¼ 0g, where w is an irreducible complex character of G. A classical theorem of Burnside asserts that uðwÞ is non-empty for all w A Irr 1 ðGÞ, where Irr 1 ðGÞ denotes the set of non-linear irreducible complex characters of G. We consider the following problem: given the number of zeros in the character table of a finite group G, what can be said about the structure of G? Bianchi, Chillag and Gillio [2] characterized the finite groups whose irreducible characters vanish on at most two conjugacy classes. In this paper, we investigate the finite groups G with the following property: ( * ) every irreducible character vanishes on at most three conjugacy classes.
The main results of this paper are as follows.
Theorem A. Let G be finite solvable group. Then G satisfies property ( * ) if and only if one of the following holds.
(1) G is a Frobenius group with abelian kernel G 0 and complement of order 2.
(2) G is a Frobenius group with abelian kernel G 0 and complement of order 3.
(4) G is a Frobenius group with kernel G 0 and cyclic complement of order 4.
(5) G ¼ G 0 P, where G 0 is a normal abelian 2-complement of G, P A Syl 2 ðGÞ, jPj ¼ 4, jZðGÞj ¼ 2, and G=ZðGÞ is a Frobenius group with kernel ðG=ZðGÞÞ 0 G G 0 and complement P=ZðGÞ of order 2.
(6) G G S 4 .
(7) G ¼ ðG 0 htiÞ Â hui, where hui is a cyclic group of order 3, t is an involution and G 0 hti is a Frobenius group with kernel G 0 and complement of order 2.
Theorem B. Let G be finite non-solvable group. Then G satisfies property ( * ) if and only if G is isomorphic to A 5 , L 2 ð7Þ, or A 6 .
In this paper, G always denotes a finite group. Notation is standard and taken from [9] . In particular, we denote by pðGÞ the set of all prime divisors of jGj, p e ðGÞ the set of all element orders of G, mðGÞ the set of numbers in p e ðGÞ that are maximal with respect to divisibility, and k G ðNÞ the number of conjugacy classes of G contained in N, where N is a normal subset of G. For N p G, set IrrðGjNÞ ¼ IrrðGÞnIrrðG=NÞ.
On solvable groups satisfying property ( * )
We will frequently use the following lemma (see [20, Theorem 2 
.1]).
Lemma 2.1. Let G be non-abelian, and let w A Irr 1 ðGÞ. Assume that N is a normal subgroup of G such that G 0 c N < G. If w N is not irreducible, then the following two statements hold.
(1) There exists a normal subgroup H of G such that N c H < G and GnH J uðwÞ. We study first the nilpotent groups satisfying property ( * ), and get the following easy result. Lemma 2.2. Suppose that G is a non-abelian nilpotent group. If G satisfies property ( * ), then G G D 8 or G G Q 8 .
Proof. Take j A Irr 1 ðGÞ such that j G 0 is not irreducible. It follows from the hypothesis and Lemma 2.1 that G has a subgroup H such that G 0 c H < G, GnH J uðjÞ and ½H : G 0 ð½G : H À 1Þ c 3. Since G is nilpotent, we easily conclude that G is a non-abelian p-group. This implies that jG=G 0 j d p 2 . Note that ½H : G 0 ð½G : H À 1Þ c 3; then we obtain that p ¼ 2 and jG=G 0 j ¼ 4, and so G is of maximal class (see [6, p. 375] ). Suppose that jGj d 16. As G is of maximal class, one of the upper central series members must have index 16 . Now every group of order 16 has a non-linear irreducible character which vanishes on at least four conjugacy classes (see [12, p. 300] ). Hence jGj ¼ 8, and thus G G D 8 or G G Q 8 . r Lemma 2.3. Suppose that G ¼ KP, where K c G 0 is a normal 2-complement of G and P A Syl 2 ðGÞ. If G satisfies property ( * ) and P is non-abelian, then K ¼ 1 and
Proof. Assume that K > 1. It follows by Lemma 2.2 that G=K G P is isomorphic to Q 8 or D 8 . Hence, G=K G P has only one non-linear irreducible character, say w, PnP 0 ¼ uðwÞ and uðwÞ consists of three conjugacy classes of P. Now we regard w as an irreducible character of G. Then, since K c kerðwÞ, KðPnP 0 Þ ¼ uðwÞ consists of three conjugacy classes of G and each element in KðPnP 0 Þ is a 2-element. This implies that every element in PnP 0 acts fixed-point freely on K. Therefore, since P is a 2-group of class 2, we conclude by [13, Lemma 19 .1] that P G Q 8 and G is a Frobenius group with kernel K and complement Q 8 . Observe that there exists w A Irr 1 ðGÞ such that uðwÞ consists of four conjugacy classes of G, a contradiction. Hence K ¼ 1. Then, by Lemma 2.2, G G D 8 or G G Q 8 , and the proof is complete. r
The following result, which appears in [18, Theorem 2.2], will be useful in handling the case when G has a normal subgroup N such that k G ðGnNÞ ¼ 2 and GnN J uðjÞ for some j A IrrðGÞ. (1) N ¼ 1 and G G S 3 .
(2) jG=Nj ¼ 3 and G is a Frobenius group with kernel N.
(3) jG=Nj ¼ 2 and jC G ðxÞj ¼ 4 for all x A GnN. In particular, P A Syl 2 ðGÞ has a cyclic subgroup of order jPj=2; furthermore, one of following holds: (3.a) G has an abelian normal 2-complement; (3.b) G has a normal 2-complement and P is a quaternion group; (3.c) G has an abelian 2-complement and P G D 8 .
Lemma 2.5. Let N be a normal subgroup of a non-abelian solvable group G. Assume that k G ðGnNÞ ¼ 2 and that GnN J uðjÞ for some j A IrrðGÞ. If G satisfies property ( * ), then one of the following holds.
(1) G is a Frobenius group with kernel N and complement of order 3.
(3) G ¼ G 0 P, where G 0 c N is a normal 2-complement of G, and P A Syl 2 ðGÞ, jPj ¼ 4.
Proof. By Lemma 2.1 one of the following three cases holds: (i) ½G :
In case (i) the group G satisfies (1) of the lemma by Proposition 2.4.
Assume that ½N :
Then it follows by Proposition 2.4 that G ¼ KP, where K c G 0 is a normal 2-complement of G and P A Syl 2 ðGÞ. If P is non-abelian, then by Lemma 2.3, we conclude that G G D 8 or G G Q 8 . If P is abelian, then we easily see that G satisfies (3) of the lemma. The following proposition, which comes from [18, Theorem 3.6] and [21, Theorem] , will be useful in handling the case when G has a normal subgroup N such that k G ðGnNÞ ¼ 3 and GnN J uðjÞ for some j A IrrðGÞ. Proposition 2.6. Let N be a normal subgroup of a non-abelian solvable group G. Then GnN is a union x G U y G U z G of three conjugacy classes satisfying jx G j d j y G j d jz G j if and only if one of the following is true.
(2) G=N G S 3 and G G S 4 .
(3) G is a Frobenius group with kernel N and cyclic complement of order 4.
(5) jG=Nj ¼ 4 and G is a Frobenius group with complement Q 8 .
In this case, N is of odd order and N has an abelian normal 3-complement.
In this case, either G has a normal 2-complement or G=O 2 0 ðGÞ G S 4 . [9, Theorem 5.6] ). This implies that P acts fixed-point freely on G 0 , and we are done. r Following [10] , we call an element x of G a vanishing element if there exists w A IrrðGÞ such that wðxÞ ¼ 0, and otherwise we call x a non-vanishing element.
We will use the following result, which is [10, Theorem 4.3] . As usual, F ðGÞ denotes the Fitting subgroup of a group G.
Lemma 2.9. Let G be a solvable group and x an element such that wðxÞ 0 0 for every w A IrrðGÞ. Then the image of x modulo F ðGÞ has 2-power order. (2) Let M < R < N such that both R=M and N=R are chief factors of N. Assume that both R and M are normal in G, and that M is abelian. Then, w N ¼ l þ y and both l and y are linear. In particular, N 0 c kerðwÞ and wð1Þ ¼ 2.
The next result shows that for non-linear characters of p-groups there always exists more than one conjugacy class of zeros. The following result, which appears in [17, Theorem 1], will turn out to be useful in the proof of Theorem A. Lemma 2.14. Let G be a solvable group. Then nlðGÞ c ð2mðGÞ þ 5Þ=3, where mðGÞ denotes the maximal number of conjugacy classes of G on which some w A IrrðGÞ vanishes.
Proof of Theorem A. The su‰ciency is obvious. We only need to prove the necessity.
Since G is solvable, there exists c A Irr 1 ðGÞ such that c G 0 is not irreducible. It follows by [9, Theorem 6.22 ] that G has a proper subgroup N such that G 0 c N < G and GnN J uðcÞ. The hypothesis implies that k G ðGnNÞ c 3.
If k G ðGnNÞ ¼ 1, then G is a Frobenius group with kernel G 0 and complement of order 2, and thus G satisfies (1) of the theorem. Hence, we assume that k G ðGnNÞ ¼ 2 or 3.
In this case, by Lemma 2.5, we only need to consider the following three cases:
Suppose that G is a Frobenius group with kernel N and complement of order 3. We will show that N is abelian. Let G be a minimal counter-example. Then N is a q-group for some prime q, also N 0 is minimal normal in G and N 0 c ZðNÞ.
Observe that any irreducible Z 3 -invariant subgroup of N is of order at most q 3 , also that if q ¼ 2 then the bound is 2 2 . In particular, jN 0 j ¼ q e c q 3 . Let c A IrrðNÞ be of maximal degree. Observe that there exists a subgroup Z of N such that c vanishes on NnZ and such that Z d N 0 , jN=Zj ¼ q 2m . Suppose that q > 2 or m > 1. Then there exists an irreducible character w of G such that w vanishes on GnD, where
Observe that the centralizer of any element in NnN 0 has order at least jN=N 0 j. Now
a contradiction. Suppose that q ¼ 2 and m ¼ 1. As c is of maximal degree, cdðNÞ ¼ f1; 2g. It follows that either jN : ZðNÞj ¼ 8 or N has an abelian subgroup of index 2. Observe that if N=ZðNÞ has order 8, then N=ZðNÞ has a C-invariant subgroup of order 2, which is impossible because G is a Frobenius group. Assume now that N has an abelian subgroup E of index 2 and set D ¼ 7 g A G E g . Then all non-linear c A IrrðNÞ vanishes on NnE. Take w A IrrðGÞ of degree 6. We see that w vanishes on NnE, and it follows that it vanishes on NnD. Observe that jN=Dj d 4, that there is an element g 1 A NnE such that jg G 1 j c 6, and that the size of any conjugacy class contained in NnD has size at most 12 (note that
If every non-identity element of P acts fixed-point freely on G 0 , then G is a Frobenius group with kernel G 0 and cyclic complement of order 4, and so G satisfies (4) of the theorem.
Assume that some non-identity t A P commutes with some element of G 0 , so that jC G ðtÞj is not a power of 2. Recall that jC G ðgÞj ¼ 4 for any g A GnN; it follows that t A N. Hence t is an involution.
If 4 divides wð1Þ for some w A IrrðGÞ, then w is of 2-defect zero and so wðxÞ ¼ 0 whenever x A G is of even order. Observe that k G ðuðwÞÞ d 4, a contradiction, which implies that 4 does not divide wð1Þ for all w A IrrðGÞ.
Assume that G 0 is abelian. Recall that 4 does not divide wð1Þ for all w A IrrðGÞ. Hence both l G 0 and y G 0 are irreducible. Since G 00 is abelian, by Lemma 2.1 there exist proper subgroups H and K of G 0 such that G 0 nH J uðlÞ and G 0 nK J uðyÞ. Therefore, since w N ¼ l þ y, we obtain that G 0 nðH U KÞ J uðlÞ V uðyÞ J uðwÞ. Then, since G 0 nðH U KÞ 0 q and w vanishes on GnN, it follows from the hypothesis that w does not vanish on ty (note that ty A NnG 0 ). On the other hand, for each w A IrrðG=G 00 Þ, we have wðtyÞ 0 0 (note that if G satisfies the type (5) of the theorem, then every non-linear irreducible character vanishes on just two conjugacy classes of G). Therefore, Lemma 2.9 yields that ty is a 2-element modulo F ðGÞ. Note that tG 00 centralizes G 0 =G 00 . Since 2 divides jtyj and F ðGÞ is a 2 0 -group, it follows that y A F ðGÞ. Suppose that w A Irr 1 ðGÞ and that w G 0 is not irreducible. We show that wð1Þ ¼ 2. Observe that w ¼ y G , where y A IrrðG 0 Þ. If y is non-linear, then y vanishes on G 0 nF ðGÞ, and thus w vanishes on G 0 nF ðGÞ. Since w vanishes on GnG 0 , the hypothesis yields that k G ðGnF ðGÞÞ ¼ 3. Observe that G=F ðGÞ G S 3 . Then by Proposition 2.6, we have G G S 4 , a contradiction. Hence cdðGÞ ¼ f1; 2; 3g, and so G G S 4 (see [1, Corollary 4] ). Thus G satisfies (6) of the theorem.
Note that if G is a Frobenius group with complement Q 8 , then there exists w A Irr 1 ðGÞ such that uðwÞ consists of four conjugacy classes of G.
Recall that GLð2; 3Þ does not satisfy the hypothesis (see [7, p. 161] ). One the other hand, every non-abelian group of order 16 has a non-linear irreducible character which vanishes on at least four conjugacy classes (see [12, p. 300] ). Hence, by Lemma 2.3 and Proposition 2.6, we only need to consider the following three cases:
is of odd order and G 0 has a normal abelian 3-complement H. We work for a contradiction via several steps.
Step
Step 3. Let y A Irr 1 ðG 0 Þ. Then y extends to G. Let x be an irreducible constituent of y G . We claim that x G 0 ¼ y. Assume the contrary. Then x G 0 is not irreducible, and so by Step 2, we have uðxÞ ¼ GnG 0 . This implies that G 0 V uðxÞ ¼ q. Hence, since ½G : G 0 ¼ 2 and G 00 is abelian, we conclude by Lemma 2.11 (1) that G 00 c kerðxÞ, and so G 00 c kerðyÞ, contradicting y A Irr 1 ðG 0 Þ. So, our claim is true.
Step 4. G 0 has only two non-linear irreducible characters. We may assume that x A GnG 0 is an involution. Thus, by
Step 2 and Step 3, we have Step 5. Final contradiction.
Recall that G 0 has only two non-linear irreducible characters and that jG 0 j is odd. Then by [19 (7) of the theorem.
Set T ¼ O 2 0 ðGÞ and G ¼ G=T. If T is a minimal normal subgroup of G then T c F ðGÞ. Note that G G S 4 and that nlðGÞ c 3 (see Lemma 2.14), and so we easily conclude that F ðGÞ=T ¼ ðG=TÞ 00 ¼ G 00 T=T, thus F ðGÞ ¼ G 00 T is abelian. Arguing as in Case 1.3, we obtain a contradiction.
Hence we may assume that T is not a minimal normal subgroup of G. Choose M p G such that T=M is a minimal normal subgroup of G=M. From the proof above, we see that G=M also satisfies the hypotheses of Case 2.3. Then arguing as the above paragraph, we obtain a final contradiction. r
On non-solvable groups satisfying property ( * )
Let p be a prime. Recall that a character w A IrrðGÞ is said to be of p-defect zero if p does not divide jGj=wð1Þ. By a fundamental result of Brauer (see [9, Theorem 8.17] ), if w A IrrðGÞ is of p-defect zero then, for every element g A G such that p divides oðgÞ, we have wðgÞ ¼ 0.
Suppose that G is a simple group of Lie type. Then, by [25, Corollary] , for each prime factor p of jGj there exists some w A Irr 1 ðGÞ such that w is of p-defect zero. For such w, we have fx A G j p j oðxÞg J uðwÞ, and so
We begin by recalling some well-known facts from elementary number theory (see [11, Lemma 1.3 
]).
Lemma 3.1. Let q ¼ p n be a prime power. Then the following hold:
(1) q 2 À 1 has at most two di¤erent prime divisors if and only if we have q A f2; 3; 4; 5; 7; 8; 9; 17g; (2) q 6 À 1 has at most three di¤erent prime divisors if and only if we have q A f2; 3g.
The following result verifies whether a prime r and the characteristic p of the base field of a finite Lie-type group are adjacent. Proposition 3.2] ). Let G be a simple exceptional group of Lie type over a field of characteristic p. Let r A pðGÞ with r 0 p, and let k ¼ eðr; qÞ, where eðr; qÞ denotes the least integer n d 0 with q n 1 1 ðmod rÞ. Then r and p are nonadjacent if and only if one of the following holds:
Lemma 3.2 ([23,
G ¼ E 6 ðqÞ; k A f8; 9; 12g; G ¼ 2 E 6 ðqÞ; k A f8; 12; 18g;
G ¼ E 7 ðqÞ; k A f7; 9; 14; 18g; G ¼ E 8 ðqÞ; k A f15; 20; 24; 30g;
For the simple groups of Lie type, we look at the Steinberg character. The following important result can be found in [3, Theorem 6.4.7] . The following lemma is the key to the proof of Theorem 3.6.
Lemma 3.4. Let G be a simple exceptional group of Lie type over a field of characteristic p with p odd, and let w 0 be the Steinberg character of G. Then w 0 vanishes on elements of at least three distinct orders.
Proof. By Lemma 3.3, w 0 is of p-defect zero. Recall that p is adjacent to 2 (see [26] ). Suppose that p ¼ 3. Then, by [22, Corollary 0.5] , G has an element of order 9. Clearly w 0 vanishes on elements of at least three distinct orders, and we are done. Hence we may suppose that p > 3. Then q 2 À 1 is not a power of 2 (see Lemma 3.1 (1)).
First suppose that G is of type G 2 ðqÞ; then jGj ¼ q 6 ðq 6 À 1Þðq 2 À 1Þ. Let r be an odd prime divisor of q 2 À 1 (note that q 2 À 1 is not a power of 2). Then p is adjacent to r by Lemma 3.2, and so G has non-conjugate elements a, b, c of orders p, 2p, rp, respectively. Clearly w 0 vanishes on a, b, c, and we are done.
If instead G is of one of the exceptional types F 4 ðqÞ, E 6 ðqÞ, 2 E 6 ðqÞ, E 7 ðqÞ, E 8 ðqÞ, 3 D 4 ðqÞ, a similar argument to the one in the above paragraph gives the result. r
The following result, which can be found in [28] , will be used in our proof of Theorem 3.6.
Lemma 3.5. Suppose that q ¼ p n with p an odd prime. Then In this case the statement can be made more precise as follows. Let t be an involution. If jC G ðtÞj contains k distinct odd primes, then w 2 vanishes on elements of at least k þ 1 distinct orders. If P is non-abelian, then w 2 vanishes on all elements of order 4. On the other hand, let T be a maximal torus of G. Suppose that jTj contains n distinct prime divisors. Let s A pðjTjÞ, and let w s A Irr 1 ðGÞ be of s-defect zero. Then w s vanishes on elements of at least 2 nÀ1 distinct orders. We introduce the following notation: denote by jCj the order of the centralizer of an involution; write jCj A l to mean that l is a factor of jCj; and let jTj the order of a maximal torus T.
We observe that for p ¼ 2, clearly w 0 is of 2-defect zero.
If G is isomorphic to one of groups in Table 1 , then jTj contains at least two distinct odd prime divisors (it su‰ces to show that q 2 À 1 has at least two di¤erent prime divisors, which is clear by Lemma 3.1 (1)). Choose s A pðjTjÞ such that s is adjacent to 2. Hence w s vanishes on elements of at least three distinct orders. Clearly, w 0 vanishes on elements of at least four distinct orders. We take x ¼ w 0 and h ¼ w s , and we are done. Recall that 2 F 4 ð2Þ 0 satisfies the conclusion by [4] . 
4).
If G is isomorphic to one of groups in Table 2 , then w 2 vanishes on elements of at least four distinct orders. We take x ¼ w 2 and h ¼ w 0 , and we are done. If G G E 7 ðqÞ, then G has a maximal torus of order ðq þ 1Þðq 6 À 1Þ. Clearly w 2 vanishes on elements of at least four distinct orders (note that q 6 À 1 has at least three di¤erent prime divisors by Lemma 3.1 (2)). We take x ¼ w 2 and h ¼ w 0 , and we are done. Recall that G 2 ð3Þ satisfies the conclusion by [4] .
Case 2. Suppose that G is a simple classical group of Lie type.
First we outline the general idea behind the proof. In order to prove that r and s are adjacent, we prove that G contains a subgroup isomorphic to G 1 Â G 2 , where both G 1 and G 2 are non-trivial groups with r A pðG 1 Þ and s A pðG 2 Þ.
For p ¼ 2, clearly w 0 is of 2-defect zero.
Now assume that G is isomorphic to one of groups in Table 3 . Let s A pðG 1 Þ with s an odd prime, and let w s A Irr 1 ðGÞ be of s-defect zero. We take x ¼ w 0 and h ¼ w s , and we are done. Table 2 . jCj for exceptional groups of Lie type ð p d 3Þ. Table 3 . G 1 and G 2 for simple classical groups of Lie type ð p ¼ 2Þ.
Characters that vanish on at most three conjugacy classes(otherwise m ¼ 2). Let w A Irr 1 ðGÞ be of ð2 m À 1Þ-defect zero. Clearly w vanishes on elements of at least four distinct orders. We take x ¼ w 0 and h ¼ w, and we are done. Hence we may suppose that 2 m À 1 is not prime. Let s be a prime divisor of ð2 m À 1Þ=ð3; 2 m À 1Þ, and let w s A Irr 1 ðGÞ be of s-defect zero. Clearly w s vanishes on elements of at least four distinct orders. We take x ¼ w 0 and h ¼ w s , and we are done.
A similar argument shows the conclusion also holds if G G 2 A 2 ðq 2 Þ. Now suppose that p is odd.
First assume that G is isomorphic to one of groups in Table 4 . Clearly w 2 vanishes on elements of at least four distinct orders, and w 0 vanishes on elements of at least three distinct orders, respectively. We take x ¼ w 2 and h ¼ w 0 , and we are done. Now assume that G G A 2 ðqÞ with q d 5. Then G contains an involution whose centralizer has order jCj A qðq 2 À 1Þ. Clearly w 2 vanishes on elements of at least four distinct orders.
If q 2 1 ðmod 3Þ, then pðq À 1Þ A mðL 3 ðqÞÞ (see Lemma 3.5) . Note that q À 1 is not prime; thus w 0 vanishes on elements of at least three distinct orders. We take x ¼ w 2 and h ¼ w 0 , and we are done.
Next suppose that q 1 1 ðmod 3Þ. Then 1 3 pðq À 1Þ A mðL 3 ðqÞÞ (see Lemma 3.5) . If q > 7, then 1 3 ðq À 1Þ is not prime; thus w 0 vanishes on elements of at least three distinct orders. We take x ¼ w 2 and h ¼ w 0 , and we are done. Clearly both A 2 ð7Þ and A 2 ð3Þ satisfy the conclusion from [4] .
A similar argument to the one for the case when G G A 2 ðqÞ shows that the conclusion also holds if G G 2 A 2 ðq 2 Þ. r Proof. Choose a; b A IrrðGÞ with
(see [8, XI, Theorem 5.10] Proof. Let q be odd. Suppose that q 1 1 ðmod 4Þ, and write q ¼ 4r þ 1. Then G has cyclic subgroups C 1 , C 2 , where jC 1 j ¼ 2r and jC 2 j ¼ 2r þ 1. Let y 1 ; y 2 A Irr 1 ðGÞ such that y 1 ð1Þ ¼ q À 1 and y 2 ð1Þ ¼ q þ 1. Hence the hypothesis yields that pð2rÞ c 2 and pð2r þ 1Þ c 2, so that jGj has at most five prime divisors. It follows from [4] and [11] that G is isomorphic to A 5 , or L 2 ð9Þ.
Next suppose that q 1 3 ðmod 4Þ. Then arguing as the above paragraph, we obtain that G is isomorphic to L 2 ð7Þ.
Finally, if q is even, then arguing as the first paragraph, we obtain that G G A 5 . r Theorem 3.9. Let G be a non-abelian simple group. If G satisfies property ( * ), then G is isomorphic to A 5 , L 2 ð7Þ, or A 6 .
Proof. First suppose that G G A n for some n d 14. Let p be the permutation character of G, and let d be the mapping of G into N such that dðgÞ is the number of 2-cycles in the standard decomposition of g. Set
By [6, V, Theorem 20.6], l is an irreducible character of G. For odd n, set a 1 ¼ ð1; . . . ; n À 8Þðn À 7; n À 6; n À 5; n À 4; n À 3; n À 2; n À 1Þ; a 2 ¼ ð1; . . . ; n À 10Þðn À 9; n À 8; n À 7; n À 6; n À 5; n À 4; n À 3; n À 2; n À 1Þ; a 3 ¼ ð1; . . . ; n À 4Þðn À 3; n À 2; n À 1Þ; a 4 ¼ ð1; . . . ; n À 6Þðn À 5; n À 4; n À 3; n À 2; n À 1Þ:
For even n, set
. . . ; n À 5Þðn À 4; n À 3; n À 2Þ;
. . . ; n À 2Þðn À 1; nÞ;
. . . ; n À 1Þ;
. . . ; n À 8Þðn À 7; n À 6; n À 5; n À 4Þðn À 3; n À 2; n À 1Þ:
We see that lða i Þ ¼ 0 for i ¼ 1; 2; 3; 4. Since a 1 , a 2 , a 3 , a 4 (and b 1 , b 2 , b 3 , b 4 ) lie in distinct conjugacy classes of G, we obtain a contradiction. Hence G G A n for some n c 13, and thus G is isomorphic to A 5 or A 2 ð9Þ from [4] (note that A 6 G L 2 ð9Þ).
If G is a sporadic simple group, then by [4] we obtain a contradiction. By the classification of the finite simple groups we can now suppose that G is a simple group of Lie type. Then applying Theorem 3.6, Lemma 3.7 and Lemma 3.8, we conclude by [4] that G is isomorphic to A 5 , L 2 ð7Þ, or A 6 . r Lemma 3.11. Let G be non-solvable group with property ( * ). Then G has the unique non-abelian composite factor.
Proof. By induction, we may assume that SolðGÞ, the maximal solvable normal subgroup of G, is trivial. Let N be a (non-solvable) minimal normal subgroup of G. If N is not a non-abelian simple group, then N is a direct product N 1 Â Á Á Á Â N s of isomorphic simple groups N i , where s d 2. Let y i be of p-defect zero (see Lemma 3.10), and set
Let w 0 be an irreducible constituent of y G , let x 1 A N 1 be of prime order p, x 2 A N 2 be of order p, x 3 A N 2 be of prime order q 0 p, and x 4 A N 2 be of prime order r B fp; qg. Notice that
So x 1 x 2 is not conjugate to x 1 . Clearly, y g is of p-defect zero for any g A G, and we have
This implies that
and we obtain a contradiction. Suppose that G=N is non-solvable. Since OutðNÞ is solvable by the classification of the finite simple groups, C G ðNÞ is non-solvable and hence contains a non-solvable minimal normal subgroup M of G as SolðC G ðNÞÞ ¼ 1.
Let c A IrrðMÞ be of q-defect zero, and let y A IrrðNÞ be of p-defect zero, where q, p are prime divisors of jMj and jNj, respectively. Let x A M, y; z A N be of orders q, p, r, respectively, where r 0 p and r 0 q. Then for any irreducible constituent w of ðc Â yÞ G , we see that wðxÞ ¼ wðyÞ ¼ wðxyÞ ¼ wðxzÞ ¼ 0:
The contradiction completes the proof. r Lemma 3.12. Let G be non-solvable group with property ( * ). Then w G 0 is irreducible for any w A IrrðGÞ.
Proof. Suppose that there exists w A IrrðGÞ such that w G 0 is not irreducible. It follows by [9, Theorem 6.22 ] that G has a subgroup H such that G 0 c H < G and GnH J uðwÞ. By the hypothesis, we conclude that k G ðGnHÞ c 3. If k G ðGnHÞ c 2, then G is solvable (see [18, Theorem 2.2]), a contradiction. Hence we may assume that k G ðGnHÞ ¼ 3. Since G is non-solvable [18, Theorem 3.5] shows that G has a normal subgroup E such that G=E is isomorphic to S 5 or M 10 , and the resulting contradiction from [4] completes the proof. r
The following lemma ([14, Lemma 1] ) is the key to the proof of the main theorem.
Lemma 3.13. Let N p H and assume that H=N is a Frobenius group with kernel A and cyclic complement B. If ðjAj; jNjÞ ¼ 1 and A is not contained in NC G ðNÞ=N, then pjBj A p e ðHÞ, where p is a prime factor of jNj.
We will use frequently the following well-known facts. Proof of Theorem B. Clearly our hypothesis is inherited by factor groups. By Theorem 3.9, it su‰ces to show that G is a non-abelian simple group. Assume that G is a minimal counter-example.
Step 1. G has a minimal normal subgroup N such that G=N is non-solvable. Otherwise, we may assume that G has a unique minimal normal subgroup N and that G=N is solvable, which implies that N c G 0 < G. It follows by Lemma 3.11 that N is a non-abelian simple group. Suppose that N < G 0 . Assume the contrary. Since G=N is solvable, there exists j A Irr 1 ðG=NÞ such that j G 0 =N is not irreducible, and thus j G 0 is not irreducible. By Lemma 3.12, we obtain a contradiction. Hence N ¼ G 0 .
Recall that any non-linear irreducible character of G 0 is extendible to G. Then all elements of IrrðG 0 Þ are invariant under G, and thus all conjugacy classes of G 0 are Ginvariant. The hypothesis yields that G 0 satisfies property ( * ). Hence, by induction, G 0 is isomorphic to A 5 , L 2 ð7Þ, or A 6 . By [4] , we now obtain a contradiction.
Hence by induction G=N is a non-abelian simple group. Applying Theorem 3.9, we conclude that G=N G A 5 , L 2 ð7Þ, or A 6 . Moreover, N is solvable (see Lemma 3.11).
Step 2. G=N G A 5 .
Suppose, first, that G=N G L 2 ð9Þ. Then the character table of L 2 ð9Þ and Lemma 3.14 show that k G ðuðwÞÞ d 4 for every w A IrrðGjNÞ, a contradiction.
Suppose now that G=N G L 2 ð7Þ. Then G=N has exactly one conjugacy class of elements of order 3. Choose a 3-element a of G such that ðaNÞ G=N is the class of elements of order 3 in G=N. Set A ¼ ðaNÞ G=N . We claim that k G ðAÞ ¼ 2. Suppose that k G ðAÞ ¼ 1. Observe that G has an element a with C G ðaÞ of order 3. Applying [15, Theorem] , we conclude that G G L 2 ð7Þ, a contradiction. Our claim now follows from the hypothesis and the character table of L 2 ð7Þ.
Since k G ðAÞ ¼ 2, we easily conclude that jC G ðaÞj ¼ 6. Observe that N is an elementary abelian 2-group. Choose a 2-element c of G such that cN has order 4 in G=N. Since k G ðAÞ ¼ 2, the hypothesis and the character table of L 2 ð7Þ show that ðcNÞ G=N is a conjugacy class of G, hence each w A IrrðGjNÞ vanishes on c. By the second orthogonality relation we have
Furthermore, oðcÞ ¼ 4 (since cN has order 4 in G=N), and therefore C G ðcÞ ¼ hci. Choose P A Syl 2 ðGÞ such that c A P. Since N is an elementary abelian 2-group we have N V ZðPÞ 0 1, contradicting C G ðcÞ ¼ hci. Hence G=N G A 5 .
Now G=N has exactly one conjugacy class of elements of order 3. Choose a 3-element a of G such that ðaNÞ G=N is the class of elements of order 3 in G=N. On the other hand, G=N has exactly two conjugacy classes of elements of order 5. Choose 5-elements of b 1 ; b 2 A G such that ðb 1 NÞ G=N and ðb 2 NÞ G=N are two such classes. Set A ¼ ðaNÞ G=N .
Step 3. 2 c k G ðAÞ c 3. Suppose that k G ðAÞ ¼ 1. Then each w A IrrðGjNÞ vanishes on A. By the second orthogonality relation we have
Hence G has an element a with C G ðaÞ of order 3. The hypothesis and [15, Theorem] show that G ¼ NA, where A G A 5 G SLð2; 4Þ and N is a normal elementary abelian subgroup isomorphic to the natural SLð2; 4Þ-module of dimension 2 over the field of order 4. We easily see that G does not satisfy the hypothesis (see [24, p. 310] ).
The argument of the proof of the following step appears in [2] .
